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Sampling Theory

8.1 Introduction

In our day to day life it becomes quite often necessary to draw some valid and
reasonable conclusions concerning a large mass of individuals or things. It becomes
practically impossible to examine every individual or the entire group known as
population. Therefore we may prefer to examine a small part of this population known
as a sample with the motive of drawing some conclusion about the entire population
based on the information/result revealed by the sample. The entire process known as
statistical inference aims in ascertaining maximum information about the population
with minimum effort and time. Poll prediction is a good example for statistical
inference.

8.2 Random Sampling

A large collection of individuals or attributes or numerical data can be understood as
a population or universe.

A finite subset of the universe is called a sample. The number of individuals in a sample
is called a sample size. If the sample size (7 ) is less than or equal to 30 the sample is
said to be small, otherwise it is a large sample.

The process of selecting a sample from the population is called as sampling.

The selection of an individual or item from the population in such a way that each has

the same chance of being selected is called as random sampling. Suppose we take a

sample of size n from a finite population of size N, then we will have N possible
n

samples. Random sampling is a technique in which each of the N samples has an
n

equal chance of being selected.

Sampling where a member of the population may be selected more than once is called
as sampling with replacement, on the other hand if a member cannot be chosen more than
once is called as sampling without replacement.

Simple sampling is a special case of random sampling in which trials are independent
and the probability of success is a constant.

The word statistic is often used for the random variable or for its values.
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Sampling Distributions

Let us suppose that we have different samples of size # drawn from a population. For
each and every sample of size n we can compute quantities like mean, standard
deviation etc. Obviously these will not be the same. Suppose we group these
characteristics according to their frequencies, the frequency distributions s generated
are called sampling distributions. These can be distinguished as sampling distribution
of mean, standard deviation etc. The sampling distribution of large samples is assumed to
be a normal distribution.

The standard deviation of a sampling distribution is also called the Standard Error (S.E).
The reciprocal of the standard error is called precision.

Sampling distribution of the means

Sample mean is a statistic and we discuss the sampling distribution of this statistic.

We consider all possible random samples of size » and determine the mean of each
one of these samples. We discuss the sampling distribution of the sample means for
the two possible types of random sampling (with / without replacment) associated with
a finite population.

Case - (1) Random sampling with replacement

Here the items are drawn one by one and are put back to the population before
the next draw.If N is the size of the finite populationand # is the size of the sample

then we have N" samples.

The mean p - of the frequency distribution of the sample means will be equal to the
population mean { ).

The variance 0’% of the frequency distribution of the sample means will be equal to

o*/n where o* is the variance of the population.

Thuswehave, p- =p and c% = o%/n
Oy is also called the standard error of the means.

Case - (2) Random sampling without replacement

Here the items are drawn one by one and are not put back to the population before the
next draw. In this case there willbe N. samples and we have the following results
n

in accordence with the notations used in the case - (1)

:[N_n}cz o

N-1 Py
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where C = N : rlz is called the finite population correction factor.
. . N-n
Remark : If N is very large, then C is closer to 1 as we have It No1 - 1

N o

In practice if N is large the correction factor can be omitted.
Hlustrative Example

Let {1, 2, 3] constitute a population. We form the sampling distribution of the
sample means in the case of (1) random samples of size 2 with replacement (2) random
samples of size 2 without replacement.

>> Here N (size of the finite population) = 3

1+2+3
3

Population mean (p) = =2

{(1-22+(2-2P2+(3-2)} =

wr

Population variance (02) = %
Case - (i) Random samples of size 2 (n = 2) with replacement
The various possible samples are :
(1,1)(1,2)(1,3);(2,1),(2,2),(2,3) ; (3,1),(3,2),(3,3)
Theseare N™ = 32 = 9 innumber.
The mean of these are respectively

1,15,2,15,2,25,2,25,3

We prepare the frequency distribution of these means where x is the variateand f is
the frequency.
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We shall compute the mean and variance of this frequency distribution.
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1 |
o§=§{1(1—2)2+2(1.5—2)2+3(2—2)2+2(2.5—2)2+1(3-2)2}
Lo --l(1+05+0+05+1)-l
T 9 ' ' B

Thus we have ui=2=u ; c%:% and 0'2/n=%=%

Case - (if} Random sample of size 2 without replacement.

We have 3- =3 samples. The three samplesare (1, 2), (2, 3}, (3, 1)
2

The associated means are 1.5, 2.5, 2. Further we have,

Mean = i = 1%51_2 N
Variance = 62 = % [(15-2Y+(25-2+(2-2)?} = -05—5 = %

N-n]o? -27273 1 5
Also {N—l} n - Sml} 5 6= Ox
2 _[N-n]d 1
Thus G’_‘—[N—l}naﬁ

Note : Suppose N is large say 500 and n is small say 5 then the correction factor ( C) becomes

N-n 500-5 495
—_ = ——— = . 2=
N1 500-1 " 499 - 0992 =1

.C:

8.4| Testing of Hypothesis

In order to arrive at a decision regarding the population through a sample of the
population we have to make certain assumption referred to as hypothesis which may
or may not be true. Much depends on the framing of hypothesis.

The hypothesis formulated for the purpose of its rejection under the assumption that
it is true is called the Null Hypothesis denoted by H,,.

Any hypothesis which is complimentary to the null hypothesis is called Alternative
Hypothesis denoted by H,. '
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Examples

(1) To test whether a process B is better than a process A we can formulate the
hypothesis as there is no difference between the process A and B.

(2) To test whether there is a relationship between two variates we can formulate the
hypothesis as there is no relationship between them.

Errors

In a test process there can bé four possible situations of which two of the situations
leads to the two types of errors and the same is presented as follows.

Accepting the hypothesis Rejecting the hypothesis
Hypothesis Correct decision Wrong decision
true (Type I error)
Hypothesis Wrong decision Correct decision
false (Type I error)

In order to minimize both these types of errors we need to increase the sample size. It
is further important to note that acceptance or non acceptance of a hypothesis is purely
based on the information revealed by the sample and what is indicated by a particular
sample may not always be true in respect of the population.

A region which amounts to the rejection of null hypothesis is called critical region or
region of rejection.

Significance level

The probability level, below which leads to the rejection of the hypothesis is known as
the significance level. This probability is conventionally fixed at 0.05 or 0.01 i.e., 5% or
1%. These are called significance levels. '

We feel confident in rejecting a hypothesis at 1% level of significance than at 5% level
of significance. 5% level of significance can also be understood as, the probability of
committing errors of either types, (Type I or Type II) is 0.05.

8.5| Tests of significance and Confidence intervals

The process which helps us to decide about the acceptance or rejection of the hypothesis
is called the fest of significance.

Let us suppose that we have a normal population with mean p and S.D 0. If X is the
sample mean of a random sample of size n the quantity z defined by

_ EX-p
2= (o Mn) @)

is called the Standard Normal Variate (S.N.V).
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From the table of normal areas we find that 95% of the area lies between z = — 1.96
and z = +1.96. In other words we can say with 95% confidence that z liesbetween
~1.96and + 1.96. Further 5% level of significance is denoted by z, .. Thus we can write

the verbal statement in the mathematical form,

X—p

- < < 1.
1.96_70_/ s 1.96
, -0 — o
—= (196) < T-p < — (L
ie., \61_(1%) X—-p \/n_(l%)

- © i
= u5x+\lﬁ(1.96) and X \G;(l.%)s

Thus we can write by combining the two results in the form,

x-196(ﬂ15p5x+196[ﬁ] BN )

Similarly, from the table of normal areas 99% of the area lies between - 2.58 and
+2.58. This is equivalent to the form,

g

¥-2.58 (%)$p$§+2.58 (7:] ... (3)

Thus we can say that (2) is the 95% confidence interval and (3) is the 99% confidence
interval.

The constants 1.96, 2.58 etc. in the confidence limits are called confidence coefficients
denoted by z.. From confidence levels we can find confidence coefficients and

vice-versa.
% 99%;
-1.96 1.96 -2.58 3 2.58

Asreflected in the figure, we can say with 95% confidence that if the hypothesis is true,
the value of z for an actual sample lies between — 1.96 to 1.96 since the area under the
normal curve between these valuesis 0.95. However if the value of z for random sample
lies outside this range we can conclude that the probability of the happening of such
an event is only 0.05 if the given hypothesis is true.
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The total shaded area 0.05 being the level of significance of the test, represents the
probability of making type-I error. (rejecting the hypothesis when it should have been
accepted). The set of values of z outside the range - 1.96, 1.96 constitutes the critical
(significant) region or the region of rejecting the hypothesis whereas the values of z
within the same range constitutes the insignificant region or the region of acceptance
of the hypothesis. "

One tailed and two tailed tests

In our test of acceptance or non acceptance of a hypothesis we concentrated on the
value of z on both sides of the mean. This can be categorically stated that the focus of
attention lies in the two "tails" of the distribution and hence such a test is called a two
tailed test. '

Sometimes we will be interested in the extreme values to only one side of the mean in
which case the region of significance will be a region to one side of the distribution.
Obviously the area of such a region will be equal to the level of significance itself. Such
a test is called a one tailed test.

The critical values of z : - 1.96, 1.96 as already stated with reference to 5% and 1% level
of significance can be understood as the values in respect of a two tailed test. However
the critical values of z in respect of a one tailed test (as found in the table of areas under a
normal curve) are [~ 1.645, 1.645] ; [- 2,33, 2.33] at 5% and 1% level of significance
respectively.

The following table will be useful for working problems.

Critical values of z
Test
5% level 1% level
One-tailed test ~1.645 or 1.645 ~2.33 0r2.33
Two-tailed test -1.96 and 1.96 -2.58 and 2.58

Tests of significance for large samples

8.61| Test of significance of proportions

In the discussion of probability distributions we have remarked that the normal
distribution is the limiting form of the binomial distribution when 7 is large and neither
p nor ¢ is small. Let us suppose that we take N samples, each having n members. Let p
be the probability of success of each member and g of failure so that p+4 = 1. The
frequencies of samples with successes 0, 1, 2, . . . n are the terms of the binomial
expansion of N (4 +p)". Thus the binomial distribution is regarded as the sampling
distribution of the number of successes in the sample.

We know that the mean of this distribution is np and S.D is Vrpg.

Let us consider the proportion of successes.
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(1) mean proportion of successes = 1—:‘? =p

' S Nnpq
(2) S.D or S.E proportion of successes = . = \py/n
Let x be the observed number of successes in a sample size of n and p = np be the

expected number of successes. Let the associated standard normal variate Z be defined
by

&  npg -

If | Z| > 2.58 we conclude that the difference is highly significant and reject the
hypothesis. Since p is the probability of success and Vpg/n is the S.E proportion of
successes, p +2.58 \pg/n are the probable limits.

Test of significance for difference of means

Let u; and p, be the mean of two populations.

Let (%, 0,);(X,, 0,) be the mean and S.D of two large samples of size n; and
n, respectively. We wish to test the null hypothesis H;, that there is no difference
between the population means. Thatis Hy: @, = i,

The statistic for this test is given by
(%-%)
\J?I/nl + ?2/"2

Also confidence limits for the difference of means of the population are

(% ~%) % zc\/c%/n1 + cr%/n2

We adopt the same procedure for testing the nuil hypothesis by using one tailed test
or two tailed test.

Corollary: If the samples are drawn from the same population then 6, = 0, = ©

(El'fz)

2= oW Uny+ 1/my)

Test of significance for difference of properties (attributes) for two
samples

Letp, and p, be the sample proportions in respect of an attribute corresponding to two
large samples of size n; and n, drawn from two populations.
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We wish to test the null hypothesis Hy that there is no difference between the
population with regard to the attribute.

The statistic for this test is given by

P1—P Mpytm,p
1 2 where p=—11—2—2 and g=1-p

Z =
Vpq ( 1/n;+1/n,) n,+n,

We adopt the same procedure for testing the null hypothesis by using one tailed test
or two tailed test.

8.7| Test of significance for small samples

In the case of large samples, sampling distribution follows a normal distribution which
is not true in the case of small samples. We introduce the concept of degrees of freedom
for discussing Student’s t distribution .

Degrees of freedom

The number of degrees of freedom (d-f) usually denoted by v is the number of
values in a set which may be assigned arbitrarily. It can be interpreted as the number
of independent values generated by a sample of small size for estimating a population
parameter.

Examples : Let us suppose that we need to find 3 numbers whose sum is 25. That is to
find a, b, ¢ suchthat a+b+c = 25. We can arbitrarily assign values to any fwe of
the variables a, b, ¢ and hence these are the degrees of freedom. That is to say that
d-f(v) = 2. If thereare n observations d-f isequalto(n—1).

Suppose that we are finding the mean of a sample of size n comprising values
Xy, Xy, -+ %,. Weuseall the n values to compute the sample mean x. Then x is

said to have n degrees of freedom.

Suppose we are finding the sample variance, we use the n values
(x,-FP, (%=X)2, - (x,-% ),

But these values donothave n degrees of freedom as they all depend on a fixed value
¥ which has already been computed. Hence the sample variance is said to have
(n-1) d-f I wecompute another statistic based on the sample mean and variance,
that statistic is said to have (n—2) d-f and so on. In general the number of degrees
of freedom v = n—k where n is the number of observations in the sample and k is
the number of constraints / number of values which are pre determined.
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8.8! Student’s f Distribution

Sir william Gosset under the pen name ‘Student’ derived a theoretical distribution to
test the significance of a sample mean where the small sample is drawn from a normal
population.

Let xi(i =1,2,.--n) be arandom sample of size n drawn from a normal

populationwithmean  and variance o. The statistic ¢ is defined as follows.

X-u X—-u
t = = 0
(s/VNn) 8
1 n
Here x = ; Z x;  is the sample mean.
2.1 O

w

= ns D, Z (x;-%) is the sample variance.

v =(n-1) denote the number of degrees of freedom of t.

The statistic ¢ follows the Student’s ¢ distribution with (n-1}) d-f having the
probability density function

Yo
2 v+1)/2
[1+t/v)T

where y, is a constant such that the area under the curve is unity.

y=f(t) =

Note:1. Statistic t is also defined as follows.
t = i;—E Vn-1

2. The constant y, present in p.d.fis given by

v+1
r( :

Yo = m so that the p.d.f of the Student’s t distribufian with v degrees of
freedom is given by
v+l
F(TJ tz -(v+1)72
= = —_— — ;=0 < | < oo
y=f() Vv l"(v/2)[1+v} i<

3. If vislarge (v 2 30) thegraphof f(t) closely approximates standard normal curve.
In other words we can say that t is normally distributed for large samples.
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Student’s ¢ test for a sample mean

We need to test the hypothesis, whether the sample mean (x) differs significantly
from the population mean ( p) / hypothetical value ().

We compute t = E*E-E Vn and consider | ¢ |.

We also take a note of the value of ¢ for the given d-f from the table of standard
values.

If | t]| >ty thedifference between x and W is said to be significant at 5% level of
significance.

If | t] >ty thedifference is said to be significant at 1% level of significance.

If |t]| islessthan the table value at a certain level of significance, the data is said to
be conformal / consistent with the hypothesis that p is the mean of the population.

Confidence limits for the population mean p

If t,- is the tabulated value of t for (n-1)d-f at 5% level of significance, it
implies that. '

Pl|t] >ty]=2005
=  P[|f]| <tg]=1-005=095

Now consider | | <t

. X-j
ie., S Vn | <t
X—pn <
<t
or (s/\fn_) .05
x—p

ie., -t < <t
.05 (s/;fn ) .05
- S
ie, te S XU =1t
¥ Los =30 tos
_ 8 -
= <x+—=1t, and X- t.. <
H 3 tos n o5 =M

Combining these two results we can write in the form

<p<

=

- _ s s,
X~ tos 3 fos
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Thus we have 95% confidence limits for u givenby x % tos

Similarly 99% confidence limits for p aregivenby x \(%— tot

Note : Confidence limits are also called Fiducial limits.

Test of significance of difference between sample means

Consider two independent samples x;(i =1, 2,---n,) and yj(j =1,2,--'n,)
drawn from a normal population.

Let (X, 0,) and (Y, o, ) respectively be the mean and variance of the two samples.
Let p be the population meanand & be the population variance. We need to test the
hypothesis whether the difference between the sample means is significant.
We compute ¢ = Xy

PEe L= s N1/n + 1/m,

1 i PR —\2
m El(x;’ X) +1§1 (y;-¥)

where §% =

and degrees of freedom v = n, +1n,-2

if |t]| >t thedifference between the sample means is said to be significant at 5%
level of significance. Similarly for 1% level of significance also.

Table for values of | t | is given at the end of the book.

8.9| Chi - Square distribution

Chi - Square distribution provides a measure of correspondence between the
theoretical frequencies and observed frequencies.

If0.(i=1.2...n) and E (i=12...n) respectively denotes a set of observed

and estimated frequencies, the quantity chi-square denoted by x2 is defined as follows.

(0,
E.

1 !

=

i

; degrees of freedom= n-1

A =

Note : If the expected frequencies are less than 10, we group them suitably for computing
the value of chi. square.
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Chi - Square test as a test of goodness of fit

It is possible to test the hypothesis about the association of two attributes. We have
already discussed the fitting of Binomial distribution, Normal distribution, Poisson
distribution to a given data. It is easily possible to find the theoretical frequencies from
the distribution of fit.

Chi - Square test helps us to test the goodness of fit of these distributions.

If the calculated value of %2 is less than the table value of x> at a specified level of
significance the hypothesis is accepted, otherwise the hypothesis is rejected.

WORKED PROBLEMS

Sampling distribution of the means

1. A population consists of five numbers 2, 3, 6, 8, 11. Consider all possible samples
of size 2 which can be drawn with replacement from this population. Find (a) the mean
and S.D of the population. (b) the mean and standard deviation of the sampling
distribution of means. (c) Considering samples without replacement find the mean
and 5.D of the sampling distribution of means.

>> (a) Populationmean p = 2+3+65+8+11 =6
Population variance o = % ,-2::1 (x,~ u)2

ie., cz=%{(2—6f+(3—6f+(6—6f418—6f+(11—6ﬁ}
o = %"1 =108

Thus p =6 and o = V10.8

(b} Letus consider all samples of size 2 with replacement. N = 5, n = 2. There will
be N" = 52 = 25 samples which are as follows.

(2,2)(2,3)(2,6)(2,8)(2,11)
(3,2)(3,3)(3,6)(3,8)(3,11)
(6,2)(6,3)(6,6)(6,8)(6,11)
(8,2)(8,3)(8,6)(8,8)(8,11)
(11, 2) (11, 3) (11,6) (11, 8) (11, 11)
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The mean of these samples in the respective order is as follows.
©(2,25,4,5,55);(25,3,45,55,7)
(4,45,6,7,85);(5,55,7,8,95) (65,7,85 95, 11)

Note: The mean and 5.D can be found as we have done in the case of population or by formin;g
a frequency distribution as follows.

x 2 125! 3 . 4(45| 5 |55 6 65| 7 | 8 | 85|95/ 11
1211121222l 1214i12i2!1

_ xfx 150
Hx=3fF 25 7
Tfx? 1035
°72c=—£_'[ 1= 55 - (6)' =54
Thus p-=6 and &_ = V54

Remark : Weobservethat p_ = p and 0‘; = o®/n in this case of random sampling with
replacement.

(c) Let us consider random samples without replacement.

NCH = 5C2 = 10 samples are as follows.

(2,3)(2,6)(2,8)(2,11)(3,6) (3, 8)
(3,11) (6, 8) (6, 11) (8, 11)

The mean of these samples are respectively

25,4,5,65,45,55,7,7,85,95

1 60
il —6(2.5+4+5+---+9.5)—10_6

=|
—

®IbM
i

2 i

(YR

1
X (x,-n3) = 75 (405) = 405

i
Thus p: =6 and o5 = V405

Remark : We observe that p- = | Also the result
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-

2. A population consists of 4 numbers 3, 7, 11, 15.

(@) Find the mean and S.D of the sampling distribution of means by considering samplings
of size 2 with replacement.

(b) If N,n denotes respectively the population size and sample size, ¢ and O respectively
denotes population S.D and S.D of the sampling distribution of means without

replacement verify that
) o2 = L | Non
n| N-1

(i) Wy = p where W isthe mean of this distribution and B is the population mean.

>> Populationmean p = ~ (3+7+11+15) =9

\
i

Population variance o = 1 {(3-9)+(7-9)? +(11-9)2+(15-9)%} = 20
Thus u =9 and o = V20
(a) Letus consider samples of size 2 with replacement. They are as follows.
(3,3)(3,7)(3,11) (3, 15)
(7,3)(7,7)(7,11) (7, 15)
(11, 3) (11, 7) (11, 11) (11, 15)
(15, 3) (15, 7) (15, 11) (15, 15)

1
4
1

Sampling means are as follows.
(3,5,7,9);(5,7,9, 11);(7,9, 11, 13):(9, 11, 13, 15)

The frequency distribution of the sampling means is as follows.

‘ b 3 5 7 9 11 13 15
I f 1 2 3 4 3 2 1
_Ifx 144 _
H2=73f T 16 T
_If o 56 o
o = sp sl = 55— (9 =10

Thus pz;=9 and o =10
|

Remarlelsp_ = and ol = o*/n where > =20, n =2

x
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(b) Let us consider samples without replacement. They are as follows.
(3,7)(3,11) (3, 15) (7, 11) (7, 15) (11, 15)
The sampling meansare 5, 7, 9, 9, 11, 13

By = % (5+7+9+9+11+13) =9 ;Thus po = pn
1 ’ ) 21 40 20
cﬁx—g{(S—-Q)+(7~9)+---+(13—9)}———g=*§
Consider 0% = -?1—2 l:ﬁ:q}
RH _%[i—:%]:mx%:%=cz=u{8

3. The weights of 1500 ball bearings are normally distributed with a mean of 635 gms. and
S.D of 1.36 gms. If 300 random samples of size 36 are drawn from this population,
determine the expected mean and S.D of the sampling distribution of means if sampling
is done

(a) with replacement (b) without replacement.
»>>  Here N = 1500, u 635, o = 136, n = 36
{a) Expected mean p; = p = 635

Expected SD 05 = Vo?/n = % = 1—26" = 0.227

(b) Expected mean 3 = U = 635

— 2 -_—
Expected variance o% = 2:* [N n} = (1';:) [11550000 _“316] = 0.05

4. Consider the data as in the previous problem. In the case of random sampling with
replacement find how many random samples would have their mean (a) between 634.76
gms and 635.24 gms (b) greater than 635.5 gms  (c) less than 634.2 gms
(d) less than 634.5 gms or more than 635.24 gms.

>> We assume that the population is a normal population and hence the sampling
distribution of means is also taken to be distributed normally.

. X—y . . R .
The standard normal variate z = ——G-E in the case of sampling distribution of means

is in the equivalent form
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X-Ng |
z = % where we have K- =635, o = 0227
o 3 X X
X-635
Hence we have z = 0.227 LD

(a) Probability of a sample having mean between 634.76 and 635.24 is represented by
P (63476 < x < 635.24)

- -0 -
Now from (1), if ¥ = 634.76, z = 0007 = -1.06

= 0.24

if x=63524,z= 0227 = 1.06

Hence we haveto find P(-1.06 < z < 1.06)

ie., =2P(0 <z <1.06)
=2¢(1.06) = 2(0.3554) by using tables.
= 0.7108

Thus we have corresponding to 300 samples, the expected number of samples having
their mean between 634.76 gms and 635.24 gms is given by

300 x 0.7108 = 213.24 = 213 samples
(b) Tofind P(x > 635.5) x 300

_ 6355-635

If x = 6355 then z = 0557

from (1). Thatis z = 2.203

P(z>2203)=P(z>0)-P(0<z<2203)
=05-9(22)
= 0.5-0.4861 = 0.0139
Thus P(¥ > 635.5) x 300 = 4.17 = 4 samples
(c) Tofind P(X < 634.2) x 300

If x =6342 then z = -6-3—’4622_2_—7635 from (1). Thatis, z = - 3.52
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P(z «-352)=P(z>352)
=P(z>0)-P(0<z<352)
0.5-6(352)
0.5-0.4998 = 0.0002
Thus P(x < 634.2) x 300 = 0.06 = 0 samples
(d) Tofind [P(f < 6345)+P (% > 635.24)] X 300
If X=6345 then z =-22
X = 635.24 then z = 1.06 ; by using (1).
Pz < -22)+P(z > 1.06) !
P(z > 22)+P(z > 1.06)
‘Pz>0)-P(0 <z<22)}+{P@2>0)-P(0<z<106)|
[05- ¢ (22)} + {05~ ¢(1.06)}
1- 1¢(2.2)+¢(1.06)}
1-(0.4861 +0.3554) = 0.1585 .
Multiplying this value by the sample size 300 we get 47.55 = 48 samples.

5. Certain tubes manufactured by a company have mean life time of 800 hours and 5.D of

60 hours. Find the probability that a random sample of 16 tubes taken from the group will
have a mean life time

(a) between 790 hours and 810 hours. (b) less than 785 hours.
(c) more than 820 hours. (d) between 770 hours and 830 hours.

>> Bydata p = 800, 6 =60, n =16

It

o_=o/n = 6074 = 15
Wehavez=x_u=x_800 ' L (D
o 15

(@ Tofind P(790 < X < 810)
H X =79, z=-067
¥ =810, z = 067 ; byusing(l). .

s P(~067 <z2<067)=2P(0<2<067)

= 20(0.67) = 2(0.2486) = 0.49%2
P(790 < ¥ < 810) = 0.4972
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(b) Tofind P(x < 785) .

If T = 785 then z = —1 from (1). . .
P(z<-1)=P(z>1)

P(z>0)-P(0<z<1)

05-¢(1) = 05-03413 = 0.1587

Thus P(¥ < 785) = 0.1587

(¢) Tofind P(X > 820)

If X = 820 then z = 1.33 from (1)
P(z>133)=P(z>0)=-P(0 <z < 133)

ie., =05-¢(133) = 0.5-04082 = 0.0918

Thus P(% > 820) = 0.0918

(d) Tofind P(770 < ¥ < 830)

If X=770 then z=-2 and X =830 then z =2 ; from(1)
P(-2<z<2)=2P(0<z<2)=26¢(2)=2(04772) = 0.9544

Thus P(770 < x < 830) = 0.9544

Test of significance of proportions

6. A coinis tossed 1000 times and head turns up 540 times. Decide on the hypothesis that
the coin is unbiassed.

>> Let us suppose that the coin is unbiassed.
p = probability of getting a head in one toss =1/2
Since p+g=1, q=1/2
Expected number of heads in 1000 tosses = np = 1000 x 1/2 = 500
Actual number of heads = 540
The difference = x ~np = 540 -500 = 40.

x-np 40

Consider Z = W ~ V1000 % 1/2 x 1/2

= 253 < 2.58

Thus we can say that the coin is unbiassed.
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7. Result extracts revealed that in a certain school over a period of five years 725 students
had passed and 615 students had failed. Test the hypothesis that success and failure are
in equal proportions.

>> Total number of students = 725 + 615 = 1340

. 725
Observed proportion of success = 1340 = 0.54

Suppose that success and failure are in equal proportion. Then p = 1/2
. difference in proportion = 0.54 ~0.5 = 0.04

S.D proportion of success = _nfq_ = \} Pq - r\/ 05 %05 0.014

n 1340
el N S
In terms of proportion Z = o = 0014 2.86 > 2.58

Thus the hypothesis that success and failure are in equal proportion is rejected.
Aliter : Observed number of successes =725
Expected number of successes =1340/2 =670

x—p 725 — 670
" Vnpg ~ V1340 x 172 X 1/2

= 3.005 > 2.58

Hence the hypothesis is rejected.
8. A sample of 900 days was taken in a coastal toun and it was found that on 100 days the
weather was very hot. Obtain the probable limits of the percentage of very hot weather.

- 100 1 8
>> Probability of very hot weather = p = 90 -9 ~ 1=%
Probable limits = p+2.58 Vpg/n
1 8 1
= 0.1111(258) 9 %9 %900 = 0.111 = 0.027
= 0.084 and 0.138

Probable limits of very hot weather is 8.4% to 13.8%

- e wm e o ww e me e e e e mw e wr W W W W o e v Ak eE LA M M M s e SN E EE R e W R E e e e M e o o w ww

9.  Inasample of 500 men it was found that 60% of them had over weight. What can we infer
about the proportion of people having over weight in the population ?

>> Probability of persons having over weight= p = -16—0- =06 & g=1-p =104

00
Probable limits = p + 2.58 vpg/n
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Probable limits = 0.6 +2.58 (06)(04)
500
Probable limits = 0.6 £0.0565 = (.5435 and 0.6565

Thus the probable limits of people having over weight is 54.35% to 65.65%

10. A survey was conducted in a slum locality of 2000 families by selecting a sample of size
800. It was revealed that 180 families were illiterates. Find the probable limits of the
illiterate families in the population of 2000.

>> Probability of illiterate families = p = %%% =0225 - g =077
Probable limits of illiterate families = p+(2.58) Vpg/n
ie, = 0225+(258) ,\ﬁlmgo(oo.m) = 0.225+0.038

= 0.187 and 0.263
the probable limits of illiterate families in the population of 2000 is

(0.187)2000 and (0.263)2000
Thus 374 to 526 are probably illiterate families.

11. To know the mean weights of all 10 year old boys in Delhi a sample of 225 was taken. The
mean weight of the sample was found to be 67 pounds with 5. of 12 pounds. What can
we infer about the mean weight of the population ?

>> Sample mean (X) = 67, Sample sizen = 225, SD (o) =12

95% confidence limits for the mean of the population corresponding to a given sample
is ¥x+1.96(c /vn) and 99% confidence limits for the mean is xx258(¢c /).
Wehave  o/¥n =12/15 =08

95% confidence limits : 67+ 1.96 (0.8} = 65.432 and 68.568
99% confidence limits : 67 £ 2.58 (0.8) = 64.936 and 69.064
We can say with 95% confidence that the mean weight of the population lies

between 65.4 pounds and 68.6 pounds. Also with 99% confidence we can say that
the mean weight lies between 64.9 pounds to 69.1 pounds.

i

12. In a hospital 230 females and 270 males were born in a year.
Do these figures confirm the hypothesis that sexes are born in equal proportions ?

> Total number of births, n = 230+ 270 = 500

Observed proportion of females = 20 _ 2 0.46.
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Assuming that sexes are born in equal proportion, probability of female birth is equal
to 1/2.

Thatis, p = 1/2 and hence g = 1/2
+. difference in proportions = 0.5-0.46 = 0.04

S.Dproportionoffemales = _"I;L‘l =\Npg/n

= v1/2 x 1/2 x 1/500 = 0.0224

Difference 0.04
Z = 3D = 5024 = 1.786 < 2.58

Thus we conclude that the figures are conformal with the hypothesis that the sexes
are born in equal proportions.

13. In 324 throws of a six faced "die’, an odd number turned up 181 times. Is if reasonable to
think that the 'die’ is an unbzassed one ?

>> Probability of the turn up of an odd numberis p = 3/6 = 1/2
Hence g = 1-p = 1/2

Expected number of successes = 1/2 x 324 = 162

1l

Observed number of successes = 181
-, difference = 181 - 162 = 19

x-np 19 19
= == =211
Nnpg  B2A x 172 x1/2 9 <258

Consider Z =

Thus we conclude that the die is unbiassed .

14. A’die’ is thrown 9000 times and a throw of 3 or 4 was observed 3240 times. Show that the
die cannot be regarded as an unbiassed one.

>> Probability of getting 3 or 4 is a single throw is p = 2/6 = 1/3 and
=1-p=12/3

. expected number of successes = 1/3 x 9000 = 3000
Observed number of successes = 3240
The difference = 3240 —3000 = 240

x-np 240 240
Vapg ~ V9000 x 1/3 x 2/3 ~ 2000

Since Z = 5.37 > 2.58 we conclude that the die is biassed.

Consider Z =

= 5.37
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15. A sample of 100 days is taken from meteorological records of a certain district and 10 of
them are found to be foggy. What are the probable limits of the percentage of foggy days
in the district.

>> p = proportion of foggy days in a sample of 100 days is given by
10/100 = 0.1 Hence g = 1~p = 0.9

probable limits of foggy days
=p + 258 Vpg/n
= 0.1 + 2.58(0.1 x 0.9)/100
= 0.1 £ 0.0774 = 0.0226 and 0.1774
=226 % and 17.74 %
Thus the percentage of foggy days lies between 2.26 and 17.74

16. A random sample of 500 apples was taken from a large consignment and 65 were found to
be bad. Estimate the proportion of bad apples in the consignment as well as the standard
error of the estimate. Also find the percentage of bad apples in the consignment.

>> p = proportion of bad apples in the sample is given by 65/500 = 0.13.
Hence g = 1-p = 0.87 |
S.E proportion of bad apples = Vpg/n = \/(0 13 x 0.87 ) /500 = 0.015
Probable limits of bad apples in the consignment

=p+ 258 \pg/n

=013 + 258 (0.015) = 0.13 + 0.0387
0.0913 and 0.1687
913 % and 1687 %

Thus the required percentage of bad apples in the consignment lies between 9.13

and 16.87

17. In a locality of 18000 families a sample of 840 families was selected at random. Of these
840 families, 206 families were found to have monthly income of Rs.2500 or less. It was
desired to estimate how many of the 18,000 families have monthly income of Rs.2500
or less. Within what limits would you place your estimate.

>> Proportion of families having monthly income of Rs.2500 or less is given by
. p = 206/840 = 0.245. Hence g = 1-p = 0.755
S.E proportion = Vpg/n = V(0.245 x 0.755}/840 = 0.015

Probable limits of families having monthly income of Rs.2500 or less are
p + 258 vpg/n. Thatis,
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= 0.245 * (2.58) (0.015)
= 0.245 + 0.0387
= 0.2063 and 0.2837 or 20.63 % and 28.37 %
Hence the probable limits in respect of 18,000 farnilies is given by
0.2063 x 18,000 and 0.2837 x 18,000
Thatis 3713.4 and 5106.6 or 3713 and 5107

Thus we say that 3713 to 5107 families are likely to have monthly income of
Rs.2500 or less.

Remark : We have said that the value 2.58 is the confidencce coefficient corresponding to the
99 % confidence level. However we can even take this value to be equal to 3 corresponding to
99.73 % confidence level so that the probable limits can be takenas p + 3 -Npg/n

Accordingly we have the following answers in the previous 3 problems.
In problem - 15, we have, 0.1 £ 3(0.03) = 0.01 fo 0.19 or 1% 0 19%
In problem - 16, we have, 0.13+3 (0.015)=0.085 to 0.175 or 8.5 t017.5%
_ In problem - 17, we have, 0.245 + 3(0.015) = 0.2 fo 0.29
- Multiplying by 18, 000 we get 3600 to 5220.

- 18. The mean and 5.D of the maximum loads supported by 60 cables are 11.09 tonnes and
0.73 tonnes respectively. Find (a) 95% (b) 99% confidence limits for mean of the
maximum loads of all cables produced by the company.

>> Bydata X = 11.09, 0 = 0.73
(a) 95% confidence limits for the mean of maximum loads are given by

¥+ 1960/ n)
11.09 £ 1.96 ( 0.73/V60 )
11.09 % 0.18

Thus 10.91 tonnes to 11.27 tonnes are the 95 % confidence limits for the mean
of maximum loads.

(b} 99 % confidence limits for the mean of maximum loads are given by
¥ +258(o/Nn)
= 11.09 + 258 ( 0.73/Y60 )
= 11.09 + 0.24 = 10.85 and 11.33

Thus 10.85 tonnes to 11.33 tonnes are the 99 % confidence limits for the
mean of maximum loads.
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19. The mean and S5.D of the diameters of a sample-of 250 rivet heads manufactured by a
company are 7.2642 mm and 0.0058 mm respectively. Find (a) 99 % (b) 98 % (c) 95 %
(d) 90 % (e) 50 % confidence limits for the mean diameter of all the rivet heads
manufactured by the company. _

>> Bydata x = 7.2642, ¢ = 0.0058, n = 250

Confidence limits for the mean is given by x % (z,) (o/Nn) where z, is the

‘confidence coefficient corresponding to the confidence level. We have the following
from the normal probability tables.

Confidence 99% 98% 95% 90% 50%
level
z, 2.58 2.33 1.96 1.645 0.6745
o 0.0058

Now o = TZTE)_ = 0.00037

Confidence limits for various confidence level respectively are as follows.
(a) 72642 + 258 (0.00037) = 7.2642 t 0.00095
(b) 7.2642 + 2.33(0.00037) 7.2642 1+ 0.00086
(c) 7.2642 + 1.96 (0.00037 ) 7.2642 £+ 0.00073
(d) 7.2642 + 1.645( 0.00037) 7.2642 t 0.00061
(e) 7.2642 + 0.6745 ( 0.00037 ) =~ 7.2642 + 0.00025...

-----------------------------------------------------------------

20. An unbiassed coin is thrown n times. It is desired that the relative frequency of the
appearence of heads should lie between 0.49 and 0.51. Find the smallest value of n that
will ensure this result with (a) 95% confidence (b) 90% confidence

>> p = prokability of gettingahead = 1/2; g = 1-p = 1/2
S.E proportion of heads = Vpg/n = V1/4n = (1/2) Vn

(a) Probable limits for 95% confidence levelis givenby p + 1.96 Ypg/n which should
be 0.51 and 0.49

ie 0.5+ 196 (1/2 Vi) = 0.51 or 0.49

. 1.96 1.96
ie., 05+2V~—051 and 0.5- T*—049

1.96

1.96
= 2\In——0010r\/_-—

002 = 8

Thus »n = 9604
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(b) Taking the confidence coefficient equal to 1.645 for 90 % confidence level we
have as before

1.645 1.645
Pyl 0.01 or Vn = Y i 8225 or n = 6765.0625 = 6765 .

Thus n = 6765

Test of significance of a sample mean

21. A manufacturer claimed that atleast 95% of the equipment which he supplied to a factory
conformed to specifications . An examination of a sample of 200 pieces of equipment
revealed that 18 of them were faulty. Test his claim at a significance level of 1% and 5%.

>> Let p be the probability of success which being the probability of the equipment
supplied to the factory conformal to the specifications.

by data p = 0.95 and hence g = 0.05
Hj:p = 0.95and the claim s correct.

H, :p<0.95 and the claim is false.

We choose the one tailed test to determine whether the supply is conformal to the
specification.

m=np =200x095 = 190

o = Vnpg = v200x 0.95x 0.05 = 3.082

Expected number of equipments according to the specification = 190
Actual number = 182 since 18 out of 200 were faulty
. difference= 190-182 = 8

x-np 8

Now  Z = ‘anq = 3082

2.6

The value of Z is greater than the critical value 1.645 at 5% level and 2.33 at 1% level of
significance. The claim of the manufacturer (null hypothesis that the claim is correct) is
rejected at 5% as well as at 1% level of significance in accordence with the one
tailed test.
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22. It has been found from experience that the mean breaking strength of a particular brand
of thread is 275.6 gms with standard deviation of 39.7 gms. Recently a sample of 36 pieces
of thread showed a mean breaking strength of 253.2 gms. Can one -conclude at a
significance level of (a) 0.05 (b) 0.01 that the thread has become inferior?

>> We have to decide between the two hypothesis

H; : n = 275.6 gms, mean breaking strength

H, : p < 275.6gms, inferiorinbreakingstrength.
We choose the one tailed test.
Mean breaking strength of a sample of 36 pieces =253.2

difference= 275.6-253.2 = 224 :n = 36

difference = 224
(6/Nn) ~ 39.7/6

The value of Z is greater than the critical value of Z = 1.645 at 5% level and 2.33 at 1%
level of significance.

Under the hypothesis H, that the thread has become inferior is accepted at both 0.05
and 0.01 levels in accordence with one tailed test.

= 3.38

23. Inanexamination given to students at a large number of different schools the mean grade
was 74.5 and S.D grade was 8. At one particular school where 200 students took the
examination the mean grade was 75.9. Discuss the significance of this result from the view
point of (a) one tailed test (b) two tailed test atboth 5% and 1% level of significance.

>> Hy : p = 74.5and there is no change in the mean grade.
Hy:p#745ie,u>745and pu < 74.5.

U = 74,5 and mean of a sample of size 200 (n) is 75.9
difference= 759-745 = 1.4
_ difference 1.4

= = 247
(o/Nn)y — 8/4200 2475

We have the table for the critical values of Z in the case of one and two tailed tests.

Test z V4

0.05 00

: One tailed +1.645 +2.33

Two tailed +1.96 + 258
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The calculated value of Z is more than Z, ,., Z, ; in one tailed test as well as Z,) - in
two tailed test. ‘

Thus we conclude that the difference in the mean grade is significant in these
tests but the same is not significant in the two tailed test at 1% level of
significance.
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Test of significance of difference between means

24. In an elementary school examination the mean grade of 32 boys was 72 with a standard
deviation of 8, while the mean grade of 36 girls was 75 with a standard deviation of 6. Test
the hypothesis that the performance of girls is better than boys.

>> Wehave xp =72, cﬁ =8, ng =32 [Boys]

%, =75, 0g =6, ng =36 [Girls]

(EG_EB)
Vol /ng + o5/ ny

. (B-72) 3 =
“V36/36+64/32‘~J§‘3‘“1'73

>Z s = 1645 (one tailed test)
<Z ., = 233 (onetailed test)

Consider Z =

Z =173
01

The difference in the performance of girls and boys in the examination is significant
at 5% level but not at 1% level.

-----------------------------------------------------------------

25. A sample of 100 bulbs produced by a company A showed a mean life of 1190 hours and a
standard deviation of 90 hours. Also a sample of 75 bulbs produced by a company B showed
a mean life of 1230 hours and a standard deviation of 120 hours. Is there a difference
between the mean life time of the bulbs produced by the two companies at
(@) 5% level of significance (b) 1% level of significance.

>> Bydata ¥, = 1190, 6, = 90, n, = 100 [Company A]

y A A A p

Xp = 1230, op = 120, ny = 75 [Company B]
(EB_EA)
‘fcz /ng, + cyz/n
B B A TA

) (12230-1190)2 o

V(120 2/75 + (90)%/100

Consider Z =




